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1. Introduction

The S-curvature S = S(z,y) is an important non-Riemannian quantity in
Finsler geometry which was first introduced by the second author when he stu-
died volume comparison in Riemann-Finsler geometry [12]. The second author
proved that the Bishop-Gromov volume comparison holds for Finsler manifolds
with vanishing S-curvature. He also proved that the S-curvature and the Ricci
curvature determine the local behavior of the Busemann-Hausdorff measure of
small metric balls around a point [14]. Recent study shows that the S-curvature
plays a very important role in Finsler geometry (cf., [9],[15],[17]). It interacts
with the flag curvature in a mysterious way. The flag curvature K = K (P, y) is
a Riemannian quantity which is a natural extension of the sectional curvature
in Riemannian geometry. The first problem is to understand Finsler metrics
whose flag curvature is independent of P containing a tangent vector y, i.e.,
K = K(z,y) is a scalar function on the tangent bundle. For Riemannian met-
rics of scalar flag curvature, K = K(z) is independent of tangent vector y at
each point x. For Finsler metrics of scalar flag curvature, the flag curvature can
take a very general form. It is known that, for a Finsler metric F' = F(z,y) of
scalar flag curvature, if the S-curvature is almost isotropic, i.e.,

(1) S=(n+1)cF+n,

where ¢ = ¢(x) is a scalar function and 7 is a closed 1-form (if » = 0, then the

S-curvature is said to be isotropic, see Definition 3.1), then the flag curvature

must be in the following form

3Cpmy™
F

where 0 = o(z) and ¢ = ¢(z) are scalar functions with ¢ — é = constant [4].

(2) K= +o,

This shows that S-curvature has impact on the flag curvature of Finsler metrics.
Therefore it is an important problem to study and characterize Finsler metrics
of (almost) isotropic S-curvature.

Throughout the paper, our index conventions are

1<i,j,k,...<n, 2<AB,C,...<n.

In Finsler geometry, there is an important class of Finsler metrics which were
introduced and studied by G. Randers, hence are called Randers metrics. A
Randers metric on a manifold M is a Finsler metric of the form F = «a + [,
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where o = /a;;(2)y‘y’ is a Riemannian metric and 8 = b;(2)y’ is a 1-form
with ||Gz]la < 1. Let

1 1
rij = o (bilj + bjla)s sij = o (bif; = bjja),
ryi= biTij, S5 1= biSij,

where b;); denote the covariant derivatives of 3 with respect to a. In [5], we
proved that the Randers metric F' = a + ( has isotropic S-curvature, S =
(n+ 1)e(x)F, if and only if

(3) Tij -+ biSj + bjSi = QC(aij — bib])

See [1] and [20] for related work. A Finsler metric on a manifold M in the

following form is said to be of Randers type,
(4) F = ka2 + k5% + k3,

where « is a Riemannian metric, § is a 1-form on M, k1 > 0,ke and ks # 0
are constants. Clearly, Finsler metrics of Randers type are essentially Randers
metrics. By a simple argument, one can prove the following

THEOREM 1.1: For a Finsler metric of Randers type, F = k; \/oz2 + ko 32+ k303,
it is of isotropic S-curvature, S = (n + 1)cF if and only if (§ satisfies

2¢(1 + kob?)E?
(5) rij + 7(sibj + s;bi) = d k;32 i (aij — 7bibj),
where

b= |Bella, 7:=k3/k3 — ko.

Among Finsler metrics of Randers type, there are nontrivial projectively flat
(o, B)-metrics with constant flag curvature [11].

If a Randers metric is of scalar flag curvature, then 1 and 2 are actually
equivalent [7], [19]. In fact, if a Randers metric is of constant flag curvature,
then it must be of constant S-curvature [1], [2]. We have classified Randers
metrics of scalar flag curvature and isotropic S-curvature [4], [7]. Further, we
have characterized the locally projectively flat Finsler metrics with isotropic
S-curvature [6].

It is natural to consider general Finsler metrics defined by a Riemannian
metric a = \/a;;y'y? and a 1-form B = by’ with |Bz]la < bo. They are
expressed in the form F' = a¢(s), s = §/a, where ¢(s) is a C° positive function
on (—by, b,). It is known that F' = a¢(8/«) is a (positive definite) Finsler metric



320 XINYUE CHENG AND ZHONGMIN SHEN Isr. J. Math.

for any o and 3 with ||8;lo < b, if and only if ¢ satisfies the following condition
(cf., [18] and [16]):

(6) B(s) — 5¢'(s) + (p* —5%)¢"(5) >0, |s| < p < b,

Such a metric is called an (a, 3)-metric. Clearly, Finsler metrics of Randers
type are special (o, 3)-metrics defined by ¢ = k1/1 + kos? + k3s.

For a positive C* function ¢ = ¢(s) on (—b,, b,) and a number b € [0,b,),
let

O = —(Q— sQ){nA+1+sQ} — (1 - s*)(1+5Q)Q",

where A := 1+ 35Q + (b*> —s?)Q" and Q := ¢' /(¢ — s¢’). In this paper, we prove
the following

THEOREM 1.2: Let F' = a¢(s),s = §/a, be an («, 3)-metric on a manifold and
b :=||Bella- Suppose that ¢ # ki\/1 + kos? + kss for any constants ky > 0, ko
and ks. Then F is of isotropic S-curvature, S = (n+ 1)cF, if and only if one of
the following holds

(i) B satisfies
(7) ri+s;=0
and ¢ = ¢(s) satisfies
(8) D =0.

In this case, S = 0.
(ii) [ satisfies

(9) Tij = 6{[)204‘]' - bibj}, S5 = 0,
where € = e(x) is a scalar function, and ¢ = ¢(s) satisfies
PA?
(10) o = 72(n+1)kb2_s2,

where k is a constant. In this case, S = (n + 1)cF with ¢ = ke.
(iii) [ satisfies

In this case, S = 0, regardless of the choice of a particular ¢.
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It is easy to see that (11) implies (9), while (9) implies (7). The condition
(7) is equivalent to b := ||fz]la = constant. See Lemma 3.3 below. Thus (8)
and (10) are independent of x € M. Any solution ¢ = ¢(s) of (10) is regular
on (—b,b), but it might be singular at s = +b.

The mean Landsberg curvature J is another important non-Riemannian quan-
tity. It has been proved that for an («, §)-metric F' = a¢(5/a), if 5 has constant
length and ¢ satisfies (8), then F is a weakly Landsberg metric, i.e., J = 0. See
[10].

We have the following two interesting examples.

Example 1.1: Let F = a+ /3 be the family of Randers metrics on S* constructed
in [3] (see also [14]). It is shown that r;; = 0 and s; = 0. Thus for any C'™
positive function ¢ = ¢(s) satisfying (6), the (a, 8)-metric ' = a¢([/a) has

vanishing S-curvature.

Example 1.2: Let F = a¢(/a) be an (a, §)-metric defined on an open subset
in R3. If, at a point x = (z,y, z) € R® and in the direction y = (u,v,w) € Ty R?,
a =a(x,y) and § = B(x,y) are given by

o =/ u? + e22(v2 + w?),
B = u,

then [ satisfies (9) with e = 1, b = 1. Thus if ¢ = ¢(s) satisfies (10) for
some constant k, then F' = a¢(8/«) is of constant S-curvature S = (n + 1)cF.
However, we can not find an explicit solution to (10) with & # 0.

ACKNOWLEDGMENT: The authors would like to thank the referee for his very
detailed report on this paper and many valuable suggestions.

2. Volume forms

The S-curvature is associated with a volume form. There are two important
volume forms in Finsler geometry. One is the Busemann-Hausdorff volume form
and the other is the Holmes-Thompson volume form.

The Busemann-Hausdorff volume form dVgy = oppg(x)dx is given by

Wn

opu(r) = Vol{(yi) c R»: F(xyyia?gi) < 1}
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and the Holmes-Thompson volume form dVyr = opr(x)dx is given by

our(z det(gi;)dy.

/{<y Hern|F(zyi 2, )<1}

Here Vol denotes the Euclidean volume and
wy, = Vol(B"™(1)) = Vol(S" b= Vol(S” %) / sin” "2 (t)dt
0

denotes the Euclidean volume of the unit ball in R". When F' = \/ gij (x)ytyl is
a Riemannian metric, both volume forms are reduced to the same Riemannian

volume form
Vs = dVirr = \/det(gi;(x))d.
For an («, 3)-metric, we have the following formulas for the volume forms

dVBH and dVHT.

PROPOSITION 2.1: Let F = a¢(s),s = [/a be an («,3)-metric on an n-
dimensional manifold M and b := ||8z||«. Let dV = dVpy or dVyr. Let

n—2
{‘? blnn ) ttdt ifdv = dVBH
Fby o 4 IT
Jg " 0T (beost)dt e gys dVur,

[ sin™ =2 tdt

where T(s) := (¢ — s¢')"2[(¢p — 5¢) + (b* — s*)¢"'] and b := || 8|/ Then the
volume form dV is given by

AV = f(b)dV,
where dV,, = /det(a;;)dz denotes the Riemannian volume form of c.

Proof. In a coordinate system, the determinant of g;; := %[F Q]yiy]‘ is given by
(cf., [16])

det(gi) = "7 (¢ — 5¢')"*[(& — 5¢') + (b — 5%)¢"] det(ay;).

First we take an orthonormal basis at = with respect to « so that

a= R B=by

where b = ||8z||la- Then the volume form dV,, = o,dx at = is given by

Oq = \/det(aij) =1
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In order to evaluate the integrals

vol{(s') € k" F(nyt 0} <1} = /F e /a o

and

/ det(gij)dy = / det(gij)dya
F(z,y)<1 agp(B/a)<1

we take the following coordinate transformation, 1 : (s, u?) — (y*):

s
12 1= a, yt=u,
(12) VS 2™ Y
where & = /> _y( . Then
b bs
13 a = a, = Q.
( ) \/52 ) B \/b2 — g2
Thus
bo(s)  _
=« a) = a
o@ja) =
and the Jacobian of the transformation 1 : (s,u?) — (y*) is given by

b2
(b2 _ 52)3/2 a

Then
. b2
H(y* " F 1 adsd
Vol{(y') € R r,y) <1} = /\;:;(5 2&<1 2 52)3/2a sdu
b> _
= [b (b2 — 52)3/2 [/ Vo2 adu} ds
b (s)
1 b b? Vb2 — 52\ n
Vol(S"~2 d
n ol( )/_b(b252)3/2( bo(s) ) s
1 b (b2 _ 52)(7173)/2
Vol(§™ 2 / ds
WO bty
1 n 2t
Vol(S™~ 2 = bcost).
n ol( qb bcost nd t (s cost)
Therefore
™ n_2tdt
(14) OBH — fO s

T n—2y
0 d)b(lbncos t)m dt
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Let

(15) T(s) == ¢(¢ — s¢')"*[(6 — 5¢) + (b — 5*)¢""].
Then
det(gi;) = &(s)"T'(s) det(aij).
By a similar argument, we get
our = [Ty
F(z,y)<1

Wn
1 b b? Vb2 — 52
— 1 n—2
iy VOIS )/,b (b2 — 52)3/2( b
 Jy (sin" 2 )T (bcost)dt

T on—2
fo sin™ 2 tdt

)nT(s)ds

Thus

(16) [T (sin" "2 )T (bcos t)dt
g = ™ . — .
" Jo sin" " tdt

The above formulas for o and o are given in a special coordinate system
at  and o, = 1. Thus dV = f(b)dV,,. This proves the proposition.

Note that if b = constant, then f(b) = constant. In this case, both dVggy
and dVgr are constant multiples of dV,.
It is surprising to see that dVyr = dV,, for certain functions ¢.

COROLLARY 2.2: Let F = a¢(s), s = [/a, be an («,3)-metric on an n-
dimensional manifold M. Let T = T(s) be defined in (15). Suppose that
T(s) — 1 is an odd function of s. Then dVyr = dV,.

Proof: Let h(s) =T(s) — 1. By assumption h(—s) = —h(s). It is easy to see
that .
/ (sin” 2 t)h(bcost)dt = 0.
0
Thus - -
/ (sin” 2 )T (bcost)dt :/ sin" "2 tdt.
0 0

This implies that o7 = 1 in the above special coordinate system at . Then
in a general coordinate system ogr = 04.

If¢p=1+s,thenT=1+sand T(s)—1 is an odd function of s. Then for a
Randers metric, dVyr = dV,,. This fact is known to Y. B. Shen.
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3. The S-Curvature

In this section, we are going to find a formula for the S-curvature of an («, (3)-
metric on an n-dimensional manifold M.

Let F' = F(z,y) be a Finsler metric on an n-dimensional manifold M. There
is a notion of distortion 7 = 7(x,y) on TM associated with a volume form
dV = o(x)dx.

1 Vdet(gis (@)

7(z,y) =In ()

In fact, 7(x, y) depends only on F, := F|p, s on T, M at each point . Moreover,
T(x,y) = 7(z) at a point € M if and only if F, is Euclidean on T, M. The
S-curvature is defined by

st = & [(c.c0)]

where ¢(t) is the geodesic with ¢(0) = = and ¢(0) = y [14]. From the definition,
we see that the S-curvature S(y) measures the rate of change in the distortion
on (T, M, F,) in the direction y € T,, M.

Let G =y' 2, —2G" 6‘31- denote the spray of F' and dV = o(z)dx be a volume
form on M. The spray coefficients G* are defined by

i 1 j
G' = 49 l{[FQ]ijly] - [FQ]LL}
Then the S-curvature (with respect to dV) is given by
oG™ m
gum ~ Y gpm
Y Oz
An important property is that S = 0 for Berwald spaces with respect to

S = Ino).

the Busemann-Hausdorff volume form dVppy [12], [13]. This explains why we
choose the Busemann-Hausdorff volume form to define the S-curvature of a

Finsler metric.
Definition 3.1: Let F' be a Finsler metric on an n-dimensional manifold M. Let

S denote the S-curvature of F' with respect to dVpp.

(a) I is of almost isotropic S-curvature if
S=(n+1)cF+n,

where ¢ = ¢(x) is a scalar function and 7 is a closed 1-form;
(b) F is of isotropic S-curvature if ¢ = ¢(z) is a scalar function and 7 = 0;
(¢c) F is of constant S-curvature if ¢ is a constant and n = 0.
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Now we compute the S-curvature of an («, 3)-metric on a manifold. Let

F= a¢(5)7 s = 6/04

Let G denote the spray coefficients of . We have the following formula for the
spray coefficients G* of F' (cf., [8], [16]):

G =G+ aQsiO + 60{—-2Qasg + roo}i + W{—2Qasg + oo }b',
where sij = aihshj,sio = sijyj, s0 := 8;y%, roo == 1i;y'y’ and
/ _ / ’
¢ e Q- Q@
¢ — s¢ 2A 2A
where A =1+ sQ + (b* — 5%)Q".
It is easy to see that if ¢ = ¢(s) satisfies

(17) Q=

b2Q + s =0,
then
¢ = ag\/b? — 2,
where ag is a number independent of s.
LEMMA 3.2: If ¢ = ¢(s) satisfies
W = constant,

then
¢ = ki1 + kos? + kss,

where k1, ks and k3 are numbers independent of s.

To compute the S-curvature, we need the following identities:

s 1{bm—sym},

ay™ " a @
da _ yYm

oym  a’

aG™ m 0

oym Y7 gam (hl UD‘)’

where Y, := a,;y’. Using the above identities, we obtain

oGm
=Y

. O
oy™ oxm (Inoa) +2¥(ro 4 50) — ' 2A2 (roo — 2aQsp),
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where

(18) P = —(Q — sQ){nA +1+sQ} — (0> = 5*)(1+5Q)Q".
By Proposition 2.1, dV = odx = f(b)o,dz. Thus

ox™ +y" o (Inoa).

Fo) Y dam dzm

(19) ym 0b _ bibihnym _ 7o + So

dx™ b b
Then the S-curvature is given by
_ f'(b) 0 @
(20) S = {2\11 — bf(b) }(ro +50) — « oA (roo — 2aQsp).

LEMMA 3.3: Let 3 be a 1-form on a Riemannian manifold (M, «). Then b(z) :=
|182]la = constnt if and only if 3 satisfies the following equation:

(21) r; +s; =0.
Proof. This follows immediately from (19).
In the case when b = constant, the S-curvature is given by
P
(22) S = 70&71 IA2 (7’00 — ZQQSO).
We can prove the following

PROPOSITION 3.4: Let F = a¢(f8/a) be an («, 3)-metric on an n-manifold. If
3 and ¢ satisfy conditions in Theorem 1.2 (i) or (ii) or (iii), then F has isotropic
S-curvature.

Proof. If (3 satisfies (7) and ¢ satisfies (8), then it follows from (20) that S = 0.
If 3 satisfies (9), then

Too = €(b2 — 52)042, To = 0, Sp = 0
By (10) and the above equations, we get from (20) that

S = —ae(b? — s%) @

oA2 = (n+1)keag = (n+ 1)keF.

If § satisfies (11), then
Too = 0, ro = 0, S0 = 0.

It follows from (20) that S = 0.
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To prove the necessary conditions in Theorem 1.2, we consider an («, 3)-
metric F' = a¢(8/a) with isotropic S-curvature, S = (n + 1)cF. By (20), the
equation S = (n + 1)cF is equivalent to the following equation:

(23) a~ ! A2 (roo — 2aQsg) — 2W¥(rg + so) = —(n+ 1)cF + 6,
where
(24) 0= — F'(b) (ro + so).

bf(b)
To simplify the equation (23), we choose special coordinates. Fix an arbitrary
point . Take a local coordinate system at x as in (12). We have

ry = bri, rA=0bria,
s1 =0, s4A =bsia.
Let
Fio =Y ray®, Sw0:= Y s1ay” oo : Z rasy’y”,
A=2 A=2 A,B=2
Ty 1= Z rAyA S0 = Z sAyA.
A=2 A=2
Let § = t;5*. Then t; are given by
f'() f()
(25) th=— T, ta=-— (r1a + s14).
f(b) f(b)
From (12), we have
sbr _ _ _ _
(26) ro = 2 1152 a+bro, S0 =50 = b31o
and
s?a? ~
(27) 00 = o o1t 2\/ o o710+ 00

Substituting (26) and (27) into (23) and by use of (13), we find that (23) is
equivalent to the following two equations:

® o

(28) o (0" = 5%)700 = —{s(;AQ - 2\Ilb2)r11 4 (n+ 1)cb?p — sbtl}@Q
s® P

(29) (55 208 (ria+s10) — (PQ+ ) oysua—bla =0,
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Let
s® 51’
Ti= [, — 20
We see that T = 0 if and only if
5P 9 9
A2 T 20b* = by,

where p = p(z) is independent of s. We divide the problem into three cases:
(i) ®=0, (1) #0, YT =0 and (iii)) #0, T #0.

4. =0
In this section, we study the simplest case when ® = 0.

PROPOSITION 4.1: Let F' = a¢(8/a) be an («, §)-metric. Assume that & = 0
but ¢ # k11 + kos2? + kss for any constants ki > 0,ky and ks. If F has
isotropic S-curvature, then

ro + So = 0.
In this case, S = 0.

Proof. Take a special coordinate system at z as in (12). (28) and (29) are

reduced to
"(b
(30) s{ gf((b)) - 2\11}1727'11 +(n+1)cb*p =0
(31) {bf}((l;)) — 2\11}52(7“1,4 + SlA) =0.
Letting s = 0 in (30) yields
c=0

and

"(b
(32) {gf((b)) - 2\11}7'11 —0.
If ”

V(NN

o)~ 2 T

then, by Lemma 3.2, we have

¢ = ki/1+ kos? + kss,
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where k1 > 0, ko and k3 are numbers independent of s. But this is impossible
by assumption. Thus
f()
bf(b)
(From (30) and (31), we conclude that

—2W £ 0.

ri1 =0, 714+ 514=0.

5 ®#£0,T=0

First, note that T = 0 implies that
sP 9 9
Az 2Ub* = by,

where p = p(x) is a function on M independent of s. First, we prove the

(33)

following

LEMMA 5.1: Let F = a¢(fB/a) be an («, 3)-metric. Assume that ® # 0 and
YT = 0. If F has isotropic S-curvature, S = (n + 1)cF, then (3 satisfies

1
b2
where k = k(z), e = e(x), and ¢ = ¢(s) satisfies the following ODE:

(34) rij = ka;; — €b;b; + (’I“ibj + ’I“jbi),

(35) (k — es?) (1)2 ={v+(k—eb?)p}s — (n+1)co,

2A
where v = v(x). If sg # 0, then ¢ satisfies the following additional ODE:

(36) QB ) = (),
where A = \(x).

Proof. Since ® # 0 and notice that 7og and @ are independent of s, it follows
from (28) and (29) that in a special coordinate system (s,y®) at a point z,

(37) rap =kdanp,
s 2 2 (P 2y _

(38) 5(2A2 — 20 )r11+(n+1)cb b+ o (B2 = 5%) = bsts,
s® P

(39) (A2 - 2\1/1)2) (ria+s14) = (PQ+5) (514 — bta =0,

where k = k(z) is independent of s.
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Let
11 = 7([15 - €b2).
Then (34) holds. By (33), we have

5P 2 92 5P
2A272\I/b =0 YN

Then (38) and (39) become

(40) b(k — es?) = sty + sbu(k — b%€) — (n + 1)cbe.

P
2A2
41 b? ® @Qr bta =0
(41) w(ria + s14) — A2 (Qb° + s)s14 — bty = 0.
Letting ¢; = bv in (40) we get (35).
Suppose that sop # 0. Rewrite (41) as
P
{b2u — A2 Q0 + s)}slA = bt 4bb — b2y 4.
We can see that there is a function A = A(x) on M such that
o

pb* — A2 (Qb* + 5) = —b2)\.
This gives (36).
LEMMA 5.2: Let F' = a¢(8/a) be an («, 3)-metric. Assume that

¢ # ki1 + kos? + ks

for any constants k1 > 0,ko and ks. If T = 0, then b = constant.

Proof. Suppose that b # constant. Then b can be viewed as a variable over the
manifold. By assumption,

s® 9 9
A2 —2Wb* = b p,

where u = p(z). Note that AQ(SA(}; —2Wbh? — b%p) is a polynomial of degree six
in b by (17). More precisely, we have
(12)  —pQH — {Q — Q1+ 5Q ~ QYN+ ()B4 () =0,
Thus

pQ* =0, Q% —2uQ'(1+sQ—5°Q")=0.
Then @' = 0, which implies that ¢ = 1 + ¢s. This is impossible as we exclude
the case ¢ = ki1v/1 + kos? + kss.
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PROPOSITION 5.3: Let F = a¢(f/a) be an (a,3)-metric.

Isr. J. Math.

Suppose that

b?Q+s#0,®#0and Y = 0. If F has isotropic S-curvature, S = (n + 1)cF,

then

(43) rij = e(b®a;; — bibj), s; =0,
where € = e(x) is a scalar function, and ¢ = ¢(s) satisfies
(44) e(b? — s2)® = —2(n + 1)cpAZ.
If e # 0, then ¢/e = constant.

Proof. First by Lemmas 5.2 and 3.3, we have

ro + 50 = 0.
Then by (20), we receive
S=—a! ZiQ {ro0 — 2aQsp}.
By Lemma 5.1,
roo = (k — es?)a’® + isroa.
Then

P P
S:—(k—682)2A20é+b2A2(

By (35), we get

d
(45) S=—s{v+(k—e’)ula+ R2A2
By our assumption, S = (n + 1)cF, we get from (45) that
P
(46) —s{v+ (k—eb*)ula + RA (b*Q + s)s0 = 0.

Letting y* = §b* for a sufficiently small § > 0 yields
—6{v+ (k — eb*)u}b* = 0.
We conclude that
(47) v+ (k—eb®)u = 0.
Then (46) is reduced to
b;ZQ (b*Q + 5)s0 = 0.
Since ® # 0 and b>Q + s # 0, we conclude that

50:0.

b2Q + 5)s0.

(b%2Q + s)sg + (n + 1)coa.
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Then

ro = —So = 0
It follows from (34) that
(48) Tij = kaij - d)ibj.

Contracting (48) with b’ gives
ri = (k — eb?)b; = 0.
Since 3 # 0, we get
(49) k = eb?
and (48) becomes

i = e(anij —bib;).
Finally, (44) follows from (35), (47) and (49).
If € # 0, then letting s = 0 in (44) yields that ¢/e = constant since b =
constant.

6. P#A0and T #0
In this section, we shall consider the case when ¢ = ¢(s) satisfies
(50) D #£0, T #£0.

First, we need the following

LEMMA 6.1: Let F = a¢(s), s = 3/a, be an («, 3)-metric on an n-dimensional
manifold. Assume that ¢ = ¢(s) satisfies (50). Suppose that F' has isotropic
S-curvature, S = (n + 1)cF. Then

(51) Tij = kzaij — Gbibj — )\(Sibj + Sjbi),
where A = \(x),k = k(x) and € = e(x) are scalar functions of x and
o
(52) —25(k — eb®)U + (k — es?) onz T (n+1)ep — sv =0,
where
f'(b) 2
53 vi=— k —eb).
(53) )y (E = )

If in addition sy # 0, then

Qv (5D )
(54) —2w - (R, —208) =4,
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where

'(b) 2
55 0 :=— 1 —Ab%).
(55) ) (=)
Proof. By assumption, ® # 0. Similar to the proof of Lemma 5.1, it follows
from (28) that there is a function k = k(z) independent of s, such that

(56) T00 :kd2,

s 2 2 (L 2\ _
(57) 5(2A2 —20h )r11+(n+1)cb b+, (b = s?) = sbt.
Let

11 = k— €b2,
where € = ¢(z) is independent of s. By (25), t; = by, where v is given by (53).
Plugging them into (57) yields (52).
Suppose that sg = 0. Then

bslA = SA = 0.

Then (29) is reduced to

sP
(58) (Ao =208 ria —bta =0,
By assumption, T # 0, we know that SA(I; — 2Ub? is not independent of s. It
follows from (58) that
ria=0, tq=0.

The above identities together with 711 = k— €b? and t; = bv imply the following
identities
(59) Tij = kaij - €bibj.

Suppose that sg # 0. Then s4, = bs14, # 0 for some A,.

Differentiating (29) with respect to s yields

& /
(60) YA — [32 n 2\1:} b2s14 = 0.
Let
T1A
A= — ° .
5281,40
Plugging it into (60) yields
& /

(61) AT - [32 + 2\1:} —0.
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It follows from (61) that
QO sP
A2 A2
is a number independent of s. By assumption that T # 0, we obtain from (60)
and (61) that

5= —2W-A[ —2mw}

(62) r1a + Ab?s14 = 0.

(56) and (62) together with r1; = k — eb? imply that

(63) rij + )\(szJ + bjSi) = kaij — Ebibj.
By (25) and (62),
ta = ff((li))) (b2)\ - 1)81A.

On the other hand, by (29) and (62), we obtain

bty = 5b281A.
Combining the above identities, we get (55).
LEMMA 6.2: Let F = ag¢(s), s = /«a, be an («,3)-metric. Suppose that
¢ = ¢(s) satisfies (50) and ¢ # k1v/1 + kos? + kgs for any constants ky > 0, ko
and k3. If F has isotropic S-curvature, then

ri+8; = 0.

Proof. Suppose that r; + s; # 0, then b := ||8;]|o # constant in a neighbor-

hood. We view b as a variable in (52) and (54). Since ¢ = ¢(s) is a function

independent of z, (52) and (54) actually give rise infinitely many ODEs on ¢.
First, we consider (52). Let

)
eq = AQ{ —25(k — eb®)U + (k — 682)2A2 + (n+1)ep — sy}.
We have
eq = Zo + Zab? 4 24,
where =g, 25, 24 are independent of b and
¢2

By i={(e—v)s+ (n+1)co} (¢ — s¢/)

4(¢//)2.

It follows from (52) that eq = 0. Thus
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Since ¢" # 0, the equation Z4 = 0 is equivalent to the following ODE:
(e—v)s+ (n+1)ep =0.
we conclude that
e=v, c=0.
Then by a direct computation we get
=g+ 25> = — (14 5Q){(n — 1)(k — e2)(Q — 5Q') + 24Q + 2es).
Then =y = 0 and =3 = 0 imply that
(64) (n—1)(k —es*)(Q — sQ') + 2kQ + 2es = 0,
Suppose that (k,e) # 0. We claim that k # 0. If this is not true, i.e., k = 0,
then e # 0 and (64) is reduced to
—(n—1)s(Q —sQ")+2=0.

Letting s = 0, we get a contradiction.
Now we have that k # 0. It is easy to see that Q(0) = 0. Let

Q= Q(s) — 5Q'(0).
Plugging it into (64) yields
(n—1)(k — es?)(Q — sQ") + 2kQ + 2(kQ'(0) + €)s = 0.
Since Q = gms™ + o(s™) where m > 1 is an integer, we see that £Q’(0) + € = 0.
The above equation is reduced to
(n—1)(k — es?)(Q — sQ') + 2kQ = 0.

We obtain
- g(n+1)/(n—1)

Q=a (k — es2)L/(n=1)"
We must have ¢; = 0, that is, Q = 0. We get

Q(s) — sQ'(0) = 0.
Then it follows that
Q(s) = Q'(0)s.
In this case, ¢ = c1v/1 + c252 where ¢; > 0 and ¢ are numbers independent of
s. This case is excluded in the assumption. Therefore, &k = 0 and € = 0. Then
(51) is reduced to
Ti; = —A(s;0; + s:b5).
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Then
Tj =+ Sj = (1 — )\bQ)Sj.

By the assumption at the beginning of the proof, r; +s; # 0, we conclude that
1 —Xb? # 0 and s; # 0. By Lemma 6.1, ¢ = ¢(s) satisfies (54). Let

BQ = — 2w - icf - A(‘ZI; —20?) - 6.

We have
EQ = Qo + Qb + Qub*,
where g, 2o, €24 are independent of b and
Q4 =(Q")*(A = 9).
By (54), EQ = 0. Thus

By a direct computation, we get
Qo+ Qs? = (14+sQ{(n+1)Q(Q — sQ") — Q' + A\ns(Q — sQ') — 1]}.
The equations Qg = 0 and 5 = 0 imply that Qg + Q5% = 0, that is,

(n+1DQQ —sQ") — Q"+ Alns(Q — sQ") — 1] = 0.

We obtain
0—-— [kon(n +1) — 1As £ \/Ako(ko(1 +n)2 — 1 + As2)_
ko(n+1)2 -1
Plugging it into 22 = 0 yields
koA = 0.

Then
AS

Q= 1 -1
This implies that ¢ = k1 V1 + kos2 where k; > 0 and ko are numbers indepen-
dent of s. This case is excluded in the assumption of the lemma. Therefore,
r; +s; =0.
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PROPOSITION 6.3: Let F = a¢(s), s = §/a, be an («, 3)-metric. Suppose that
¢ = ¢(s) satisfies (50) and ¢ # k1v/1 + kos? + kss for any constants ky > 0, ko
and ks. If F is of isotropic S-curvature, S = (n + 1)cF, then

(65) Tij = e(anij — bibj)v Sj = 0,

where € = €(x) is a scalar function on M and ¢ = ¢(s) satisfies

P
2_ 2 _
(66) e(b” —s )2A2 (n+1)co.
Proof. Contracting (51) with b’ yields
(67) Tj + Sj = (k — €b2)bj + (1 - )\bQ)Sj.

By Lemma 6.2, 7; + s; = 0. It follows from (67) that
(68) (1 —\b?)s;j + (k — eb*)b; = 0.
Contracting (68) with b7 yields
(k — eb®)b* = 0.

We get

k= eb.
Then (51) is reduced to

rij = e(anij —bib;) — A(bisj + bjs;).

By (53),

v=0.

Then (52) is reduced to (66).
We claim that sop = 0. Suppose that sg # 0. By (68), we conclude that

A= 1/b”.
By (55),
0 =0.
It follows from (54) that
(b?*Q + 5)® = 0.

This is impossible by the assumption ® # 0.
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7. Proof of Theorem 1.1

Notice that in Lemma 6.1, there is no restriction on ¢ other than (50). Let
¢ = ki1 + kos? + ks, where k1 > 0, ks and k3 are numbers independent of s.
It is easy to check that, if k3 # 0, then ¢ satisfies (50). Let F' = a¢(5/«a), where
« is a Riemannian metric and 3 is a 1-form on an n-dimensional manifold. It
is easy to see that if F' is a Finsler metric, then 1+ kob? > 0, where b := || 8, a-
By Lemma 6.1, we can easily prove Theorem 1.1.

Proof of Theorem 1.1. Assume that F is of isotropic S-curvature, S = (n+1)cF.
By Lemma 6.1, 3 satisfies (51) and ¢ satisfies (52) and, further, it satisfies (54)
if 59 # 0.

First, we plug ¢ = k1v/1 + kss2 + k3s into

d
eq = —2s(k — eb*)U + (k — 652)2A2 + (n+ 1)cop — sv.

By (52), the coefficients of the Taylor expansion of eq in s must be zero. We
obtain

- ksk
21+ kob?)k?

)

e{gk%h

Assume that sg # 0. We plug ¢ = ki1v/1 + kos2 + kss into

QP 5P 9
BQ= 20—, = A(, —20?) - 4.
By (54), the coefficients of the Taylor expansion of EQ in s must be zero. We
obtain
k2
A= 3 —ky
ki
n k2
6= ( 15 = k.
Lk g2 T

This proves the necessary conditions by (51).
Conversely, if 3 satisfies (5), then F is of isotropic S-curvature by (20). The
proof is direct, so it is omitted.
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